Chemistry II

Physical Chemistry Problem Classes

P.W. May

Further Differentiation

Here are some more problems involving differentiation which you’ll come across in various Chemistry lectures.  These involve functions where two sub-functions are multiplied together, divided, or where we have a function of a function.

	1. Product Rule:
	If
y(x) = u(x).v(x),  then  
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Differentiate the following (and simplify your answer as much as possible):

	a)  y = (x + 1)(x + 2)
	dy/dx = (x + 1).1 + (x + 2).1
	= 2x + 3

	b)  y = x2ex
	dy/dx = x2ex + ex.2x
	= xex(x + 2)

	c)  y = x3 sin x
	dy/dx = x3 cos x + (sin x).3x2
	= x2(x cos x + 3sin x)

	d)  y = x4 1n x
	dy/dx = x4.(1/x) + (1n x).4x3
	= x3(1 + 41n x)


	2. Quotient Rule:
	If
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Differentiate the following:

	a)  y = 
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	b)  y = 
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	3. Chain Rule (Function of a Function)
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Differentiate the following:

	a)  y = (x2 + 6x + 3)9
	dy/dx = 9(x2 + 6x + 3)8.(2x + 6)
	

	b)  y = sin(x2 + 1)
	dy/dx = cos(x2 + 1).2x
	= 2x cos(x2 + 1)

	c)  y = exp(x5 – 6)
	dy/dx = exp(x5 – 6).5x4
	= 5x4 exp(x5 – 6)


Chemistry Examples
4. Theoretical

The wavefunction for a harmonic oscillator (i.e. a vibrating chemical bond) can be written as: 
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 where x is the distance from the equilibrium position and A is a constant.  Differentiate this equation twice.  (This is part of the process of working out the kinetic energy of the moving atoms).

Ans: Using the Chain Rule,
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This equals zero at x = 0, showing that the turning point (or equilibrium bond distance) is at the origin, as expected.

Differentiating again, using the Product Rule:
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At the equilibrium bond distance, x = 0, this second differential = ‑2A, i.e. it is ‑ve, showing that the wavefunction is a maximum at this point.

5.
Adsorption
When a clean metal surface is exposed to a gas at a certain pressure, p, molecules will adsorb on to the surface.  At a fixed temperature, the amount of molecules adsorbing equals the amount desorbing, and so we get a fixed percentage surface coverage,  (which has values from 0–1).  The surface coverage depends upon pressure according to the Langmuir adsorption isotherm:
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,           where K is the equilibrium constant at that temperature.

(i)
Differentiate this expression with respect to p.

(ii)
Work out the gradient of the ( versus p plot at very small values of p, and then at very large values of p, and hence sketch the graph.

Ans:
(i) Using the Quotient Rule, 
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When p is small, the denominator looks like 1, and so the slope 
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 = K, so the coverage is very sensitive to even small changes in p.

· When p is large, the denominator looks like (Kp)2 which is a large number, so its inverse (the gradient) will be very small, i.e. nearly zero (a flat line), and the coverage is independent of further increases in p.

And if you have time…

6.
Thermodynamics

(i)
The Product Rule can also be applied when we are dealing with infinitely small changes in variables.  For example, the First Law of Thermodynamics can be represented as: H = U + pV, where H is the enthalpy, U is the total internal energy, p is the pressure and V is the volume.  Show that for infinitely small changes, and at constant pressure, the equation becomes:

dH = dU + p.dV
Ans:
Remembering to use the Product Rule on the pV term, we get


dH = dU + pdV + Vdp, but at constant p then dp = 0, so we get the required eqn.

(ii)
Similarly, derive an expression for the small change in the Gibbs Free Energy, dG, at constant temperature, T,  if G is given by G = H – TS, where S is the entropy.

Ans:
Differentiating, remembering to use the Product Rule on the TS term, we get dG = dH – TdS – SdT,     but at constant T then dT = 0, so we get the familiar eqn:    dG = dH – TdS.

7. Theoretical ‑ try the following which combines many of the above ideas.

A function which is often used to represent the form of an electronic wavefunction in certain atoms is:





y = r3 e‑r
a) This function has 3 stationary points.  One is at r = 0, and another at r = (.  Differentiate this function and thence determine the coordinates (r,y) of the remaining stationary point.

Ans: Product Rule:
‑r3e-r + e‑r(3r2)
=
r2e-r(3 ‑ r)


For turning point, r2e-r(3 ‑ r) = 0, so either:

r2 = 0

(
r = 0,









e-r = 0

(
r = (







or
(3 ‑ r) = 0, 
(
r = 3

The last answer is the required one.


So the turning point is at (3, 1.344).

b) The second derivative of this function is:








Determine whether the stationary point you just found is a local maximum or minimum.

Ans: Putting in the value of   r = 3,  we get d2y/dr2 = 
‑0.448,   which is -ve, so the t.p. is a local maximum.
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c) Hence sketch this function between r = 0 and r = (.
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